A repulsive magnetic bearing supports a rotating shaft without contact by utilizing a magnetic repulsive force between the magnets. However, because of the nonlinear characteristic of the magnetic repulsive force, the vibration during passage through the critical speed may increase. This paper investigates a vibration suppression method of the rotating shaft supported by the repulsive magnetic bearing. A vibration suppression method by controlling the axial displacement of the repulsive magnetic bearing is proposed. Its axial displacement control generates the changes of both the linear and the nonlinear coefficients of stiffness. The influence of the parameters of the axial displacement control are investigated, and these results are validated experimentally.
Introduction
A repulsive magnetic bearing (1) − (12) is a support system of the rotating shaft by using a repulsive force between permanent magnets. It can support the radial displacement passively, and only needs the active control of the axial direction. In previous studies, Baker (1) and Yamada et al. (11) analyzed the repulsive force characteristics of the repulsive magnetic bearing theoretically, and clarified the hard-spring-type nonlinear restoring force characteristic of the repulsive magnetic bearing. Paden et al. (12) investigated the repulsive force characteristics in terms of the radial gap of the repulsive magnetic bearing. Ishida et al. reported the influence of the hard-spring-type nonlinear restoring force characteristic on the vibration during the passage of the critical speed (13) . He clarified that the shaft vibration was entrained by the hard-spring-type resonance curve which leans to the high-speed side, and the maximum vibration during the passage of the critical speed increased. Therefore, the installation of the vibration suppression method in the rotating shaft supported by the repulsive magnetic bearing is desired in order to rotate it at the rotational speed that is higher than the critical speed. Because the repulsive magnetic bearing generally requires a one-degree-of-freedom control in the axial direction, the control of the shaft's axial position as a function of the rotational speed seems to be useful for the shaft's vibration suppression. However, the influence of the shaft's axial displacement on the restoring force characteristics of the repulsive magnetic bearing, especially the influence on both the linear and the nonlinear stiffnesses, have not been clarified.
In this paper, firstly, the variation of the restoring force characteristic of the repulsive magnetic bearing for the shaft's axial displacement is investigated. Especially, the variations of both the linear and the nonlinear coefficients of the restoring force are clarified.
Secondly, the vibration suppression method during the passage of the critical speed by controlling the shaft's axial position as the function of the rotational speed is proposed. It utilizes the rapid change of restoring force characteristic. Such kinds of vibration suppression methods, which change the support stiffness of the rotating shaft as the function of the rotational speed, have been reported. Nagaya et al. (14) added or removed the shaft's support points during the shaft's rotation, and Iwata et al. (15) changed the stiffness by controlling the air spring, utilized the antiresonance point of the shaft system for the vibration suppression. Palazzolo et al. (16) utilized the piezoelectric actuator in order to control the critical speed, and suppressed the shaft's vibration. Concerning the contactless method, Azuma et al. (17) proposed a method of changing the controller gains of active magnetic bearing during the passage of the critical speed. However, the repulsive magnetic bearing essentially has the nonlinearity, and this nonlinear characteristic may affect the effect of the vibration suppression. Therefore, this paper also investigates the influence of the nonlinear characteristic on the proposed vibration suppression method. The vibration suppression effect is investigated both theoretically for the steady state vibration and numerically for the nonstationary oscillation during passage of the critical speed. Moreover, the effect of the vibration suppression method is also validated experimentally.
Magnetic Force of the Repulsive Magnetic Bearing
A pair of permanent ring magnets, which is magnetized in the axial direction, is used for the inner and the outer rings. By setting their magnetism in the same direction, a shaft is supported by the magnetic repulsive force between them. In the following, the inner magnet fixed on the rotor and the outer magnet fixed on the stator are called the inner magnet and the outer magnet, respectively. The magnetic force (d f x , d f y , d f z ) between the small areas of the inner magnet , A i j , and the outer magnet, B kl , are repesented in Eq.(1) as shown in Fig.1 (8) , (18) , (19) . The repulsive force (F x , F y , F z ) of the repulsive magnetic bearing are calculated by integrating the element magnetic force (d f x , d f y , d f z ) numerically through the whole surface area of both magnets. In the following, subscripts A and B show the variables of the inner and outer magnets, respectively. 
Journal of System Design and Dynamics Vol.4, No.4, 2010 where, μ is the magnetic permeability in a vacuum, B A and B B are the magnetic flux densities in the inner and outer magnets, dS A and dS B are the small element areas in the inner and outer magnets, i, j and k are the unit vectors in x-, y-and z-(axial) directions, respectively. Δz is the shaft's axial displacement. Vector c is the position vector from the center of the small area element in the outer magnet to the center of the small area element in the inner magnet. Symbol r c is the length of the vector c projected in the x-y plane as shown in Fig.2 . This paper considers the case that the lengths of both the inner and outer magnets are equal, and l m is the length of magnets. First, the relationships between the magnetic repulsive forces and both the radial and axial displacements are investigated. Yamada et al. (11) and Paden et al. (12) investigated the relationship between the axial repulsive force F z and the axial displacement Δz in the case of the radial displacement r. Figure 3 shows the radial repulsive force F r and the axial repulsive force F z for both the radial displacement r and the axial displacement Δz. Both the radial force F r and the axial force F z do not have the linear coupling effect around any axial displacement position (r = 0, Δz). Figure 3 (a) indicates the existence of the nonlinear coupling effect of r and Δz in the radial force F r , however Fig.3 (b) shows very small nonlinear coupling effect of r and Δz in the axial force F z . Therfore, this paper investigates the approximate representation of the magnetic restoring force F r considering the nonlinear coupling effect of r and Δz. The influence of the radial displacement r on the axial motion is considered to be small and is negligible, and only the radial motion is considered.
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Vol.4, No.4, 2010 The magnetic restoring force F r , shown in Fig.3 (a), is approximated with the power series function of the shaft displacement (x, y) at the inner magnet position (20) . The potential energy U corresponding with the magnetic force F x , F y described above is introduced, then representations of F x = −∂U/∂x, F y = −∂U/∂y are obtained. This paper assumes that the restoring force characteristic is isotropy, and the restoring force F r is expressed by the function of the shaft's amplitude r(= x 2 + y 2 ). Figure 4 shows the cubic power series approximation of the restoring force, 
Theoretical Model

The Equation of Motion
A two-degree-of-freedom system of the rigid rotor supported by the repulsive magnetic bearing is considered as shown in Fig.5(a) . The lean angle of the shaft for the upper support point is denoted by θ, and its projection angles on x-z and y-z planes are denoted by θ x and θ y , respectively. By using both Fig.4 and the restoring force characteristic shown in Eqs. (3), the dimensional equations of motion for this system are represented as follows (21) :
where, ψ is the rotational angle of the shaft, I is the diametral moment of inertia of the rotor about the upper support point, I p is the polar moment of inertia, c is the damping coefficient, k(Δz) and β(Δz) are the linear and the cubic nonlinear coefficients of the restoring force shown in Fig.4 , Δz is the shaft's axial displacement, l is the distance between the upper support point and the center of the inner magnet, l 1 is the distance between the upper support point and the center of the mass of the disk, and m is the disk mass. The static unbalance is assumed to exist only in the disk, and is represented as e. The values of the parameters correspond to those in the experimental setup shown in section 6.
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Vol. This paper considers both cases of stationary vibration with the constant angular velocitẏ ψ and nonstationary vibration with the constant angular accelerationψ. The angular acceleration is denoted by λ. The rotational angle of the shaft, ψ, is expressed as follows:
where, ω 0 is the initial angular velocity and ψ 0 is the initial rotational angle. The inclination angles, θ x and θ y , are transformed into the shaft displacement at the inner magenet, x and y, by the relationships of x = lθ x and y = lθ y . The dimensionless variables are defined as follows :
where, k 0 is the value of k(Δz) at Δz = 0, δ is the radial gap between the inner and outer magnets. By using these dimensionless values, the dimensionless equations of motion governing the nonstationary vibration are derived as follows: Note that the notation´which represents the dimensionless value is omitted in the following :
In the case of investigating the stationary vibration, bothψ = 0 andψ = ω are set in Eqs. (7). Characteristic equation for the undamped system is obtained from Eqs. (7) as follows by setting e = c = β(Δz) = 0,ψ = 0 andψ = ω.
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Axial Displacement Control of the shaft and the Restoring Force Characteristic
The restoring force characteristic for the axial displacement of the magnet, Δz, is investigated. Figure 6 shows the variations of both the linear coefficient and the cubic isotropic nonlinear coefficient, k 0 and β (0) 0 , for the axial displacement Δz. Both the linear and nonlinear coefficients, k(Δz) and β(Δz), decrease as the axial displacement Δz increases from 0. Especially, the nonlinear coefficient β(Δz) becomes 0 at Δz 0.05 and then it becomes a negative value as the axial displacement Δz increases. It indicates that the repulsive magnetic bearing shows the hard-spring characteristic when the axial displacement is small (Δz < 0.05), but it changes to the soft-spring characteristic when the axial displacement becomes large. Note that the value Δz = 0.05 corresponds to the displacement of 5% of the magnet's length according to Eq.(6).
Theoretical Analysis
Vibration characteristic at around the major critical speed, ω p f , is investigated theoretically considering the axial displacement of the magnet. Here, the symbol O(ε) expresses the magnitudes of the same order as the small parameter ε. The solution is assumed in the accuracy of O( ) (21) as:
where, the amplitudes P, a 1 , b 1 , a 2 , b 2 and the phase angle γ are assumed to be " functions which vary slowly with the time". Therefore, for example, the magnitudes ofṖ andP are con-
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Vol.4, No.4, 2010 (7), and equating the coefficients of sin ωt and cos ωt on both sides of equations of Eq.(7) in the accuracy of O( ), a set of fundamental equations is obtained (21) .
By considering that the function G(ω, Δz) = k(Δz) + i p ω 2 − ω 2 defined in Eq. (8) is the magnitude of O( ) at arround the major critical speed (ω p f ), and arranging the set of fundamental equations, the set of fundamental equations is derived as follows:
The steady state solutions of the stationary vibration are obtained by solving the fundamental equations of Eq.(10) by omitting the time derivative terms asṖ = 0 andγ = 0. The stability of the obtained steady state solution is investigated by the eigenvalue of Eq.(10).
Resonance curves for the cases with the axial displacement Δz = 0, 0.05, 0.1 are shown in Fig.7 . The symbol denotes the numerical result, and the line denotes the theoretical results. The solid line and the dashed line denote the stable and unstable solutions. The resonance frequency decreases and the shape of the resonance curve changes from the hard-spring type to the soft-spring type as Δz increases. These changes of vibration characteristics correspond to the variations of k(Δz) and β(Δz) shown in Fig.6 .
Nonstationary vibrations during the passage of the critical speed under the constant angular acceleration λ are investigated numerically using Eq.(7). Figure 8 shows the cases with the fixed axial displacement at Δz = 0 and 0.1. The ordinate denotes the amplitude r(t) = x 2 + y 2 . In the case of Δz = 0, the rotor's state point is kept captured in the domain of
Vol. 4, No.4, 2010 the entrainment of the stable solution which inclines to the higher speed side. As a result, the amplitude exceeds the value of the radial gap of the magnetic bearing (δ = 1) and can not pass the critical speed. While, in the case of Δz = 0.1, the rotor's state point jumps to another stable solution and can pass the critical speed because the resonance curve is the soft-spring-type and the stable solution from the lower speed side disappears as the rotational speedψ increases.
Vibration Suppression using the Axial Displacement Control
In the previous section, the variations of both the critical speed and the nonlinear characteristic in terms of the axial displacement Δz are clarified. Then, the vibration suppression at the rotational speed range around the major critical speed by controlling the axial displacement Δz is demonstrated. The axial displacement Δz is designed using the sigmoid function as follows:
where, Δz 0 is the end value of the axial displacement Δz, ω z is the rotational speed at which the variation of Δz becomes a half of the end value Δz 0 , m z is dimensionless value which denotes
Journal of System Design and Dynamics
Vol. the gradient of the variation of the axial displacement Δz at ω = ω z . The axial displacement Δz is shown in Fig.9 . In this paper, the value of Δz 0 is set to 0.1, which is the distance equal to 10% of the magnet length. Figure 10 shows the resonance curves. The cases of Δz = 0, 0.02, 0.05, 0.08 and 0.10 are denoted by fine lines, and the case of Δz(ω) controlled with parameters of ω z = 1.0 and m z = 1.25 is denoted by a thick line. The variation of Δz is also shown, and it varies from 0 to 0.1 during the rotational speed ω changes from 0.9 to 1.1. Furthermore, the natural frequencies p f , p b corresponding the variation of Δz are also shown. The resonance curve for the case of Δz(ω) controlled consists of the points on the resonance curves corresponding the values of Δz(ω) at every the rotational speed ω. It follows the point on the resonance curve for the case with fixed Δz = 0 at ω < 0.9, and points on the resonance curve for the case with fixed Δz = 0.1 at ω > 1.1. When ω = 0.9 ∼ 1.1, the amplitude follows the points on the resonance curves for the cases with fixed Δz, such as Δz=0.02, 0.05, 0.08, as the rotational speed ω increases. As a result, the rotational speed range with multiple stable solutions due to the nonlinearity β is eliminated, and the amplitude around the critical speed is suppressed compared to the cases of Δz fixed.
Stationary Vibration
Next, the effects of both parameters of ω z and m z on the vibration suppression are investigated. Figure 11 (a) shows the influence of ω z on the resonance curve. The gradient m z = 12.5 is fixed, and various values of ω z are investigated. The case of ω z = 1.0 represents the most effective case of the vibration suppression, and this value of ω z = 1.0 is close to the value at the intersection point A of the resonance curves, shown in Fig. 10 , for the cases with Δz = 0 and Δz = Δz 0 (= 0.1). Therefore, the intersection point of the resonance curves corresponding with the start value and the end value of Δz should be identified first, and then, the amplitude of the resonance curve can be suppressed at most rotational speeds within the speed range by setting the value of the control parameter ω z at this intersection point. Figure 11 (b) shows influence of the parameter m z with fixing ω z to 1.0. It is clear that the amplitude of the resonance is suppressed as the gradient m z increases.
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Nonstationary Vibration
Nonstationary vibration under a constant angular acceleration λ is investigated numerically using Eq. (7). Figure 12 shows the nonstationary response curves for various values of ω z , which is the parameter of the axial position control shown in Eq. (11) . Figure 12 shows that the maximum value P max of the transient amplitude r(t) during the passage of the critical speed changes depending on the value of ω z . It indicates the existence of the optimal value of ω z to minimize P max . Figure 13 shows the numerically obtained maximum amplitude P max of nonstationary vibration for both parameters of ω z and m z . The optimal value of ω z to minimize P max is about 1.0, which corresponds to the case of stationary vibration. The optimal value of ω z decreases as the gradient m z decreases. Figure 14 shows the experimental setup. A vertical rigid rotating shaft is supported at the upper end by a self-aligning double-row ball bearing, and supported at the lower end by the repulsive magnetic bearing. The radius and the length of the shaft are R s = 8mm and
Experimental Setup
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Vol. 4, No.4, 2010 The magnets used in this study are on the market, and they are made of Nd-Fe-B. The inside and outside diameters of the inner magnet are φ 1 = 20 mm and φ 2 = 30 mm, and those of the outer magnet are φ 3 = 33 mm and φ 4 = 43 mm, respectively. The length of both inner and outer magnets is l m = 20 mm. Hence, the radius gap between the inner and outer magnets is 1.5 mm. The axial position of the outer magnet is controlled by using the linear actuator (THK KR306B).
A ball bearing is installed as the backup bearing at the upper side of the repulsive magnetic bearing in order to avoid the direct collision between the inner and outer magnets. The radius gap between the inner surface of the backup bearing and the shaft is 1.2 mm.
The damped natural angular frequency and the damping ratio of the system at the axial displacement of Δz=0 in non-rotating condition were measured, and obtained as 111.4 rad/sec (= 1064 rpm ) and 0.0071. The unbalance of the rotor system is also derived from the experimentally obtained resonance curve as 1.893 × 10 −2 kg·mm.
Experimental Results
The vibration characteristics were investigated and the vibration suppression using the axial displacement control Δz were demonstrated. Figure 15 shows resonance curves for the cases of the axial displacement Δz=0, 0.05, 0.1.
Influence of the Axial Displacement
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Vol. Here, Δz 0 = 0.1 corresponds to the movement of 2.0mm in the axial direction. As Δz increases from 0, the critical speed decreases, and the shape of the resonance curve changes from the hard-spring type to the soft-spring type. The jump phenomena were observed in both cases of Δz=0, 0.1. This result corresponds to the theoretical result shown in Fig.7 qualitatively.
Vibration Suppression using the Axial Displacement Control 7.2.1. Stationary Vibration
The rotatinal speed ω was increased statically, and the axial displacement Δz was also controlled as the function of rotational speed as shown in Eq. (11) . In this axial displacement control, the ω z was set to 1100rpm according to the result of Fig.15 , and both the cases of m z =1.25 and 12.5 were investigated. Figure 16 shows resonance curves of stationary vibration under the axial displacement control. The resonance became very small as expected in the theoretical analysis of Figs. 10 and 11 (a) . Also, the vibration suppression effect increased as the gradient m z became larger, which corresponds to the theoretical result of Fig.11 (b) .
Nonstationary Vibration
The acceleration λ was fixed, and the vibration suppression effect of the axial displacement control Δz on the nonstationary vibration was investigated.
Figures 17 show the case with the fixed axial displacement at Δz = 0.1 and 0. In the case of Δz = 0.1, the rotor could pass the critical speed without contacting the backup bearing. While, in the case of Δz = 0, the rotor kept contacting the backup bearing in any acceleration λ of 25rpm/s(0.0014 in dimensionless value)∼ 50rpm/s(0.0028 in dimensionless value), and it could not pass the critical speed. This result corresponds to the simulation result shown in Fig.8 . Next, the axial displacement Δz was controlled as the function of the rotational speedψ during the passage of the critical speed with a constant acceleration. The various values of the gradient m z of Δz were investigated, and Fig.18 shows results of the cases m z =3.1, 6.2, 15.4. The maximum amplitude was reduced as the gradient m z increased, which corresponds to the numerical result of Fig.13 .
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The influence of ω z was also investigated. Figure 19 shows the influence of ω z . The value of m z was fixed at = 30.9, and the value of ω z was set variously within the range of 1050 ∼ 1350 rpm. The maximum amplitude for the case of fixed axial displacement at Δz = 0.1 is also shown with the dashed line. The optimal value of ω z to minimize the maximum amplitude existed at around 1150rpm∼1200rpm, and the nonstarionary vibration during the passage of the critical speed was suppressed successfully. The characteristics of the nonstationary vibrations and the characteristics of the variation of the maximum amplitude P max for the value of ω z agreed qualitatively with Fig.12. 
Conclusion
This paper investigates the vibration suppression of the rotor system supported by the repulsive magnetic bearing, and obtains the following results.
( 1 ) The repulsive magnetic bearing shows the variations not only in the linear stiffness but also the nonlinear stiffness depending on the axial displacement between the inner and the outer magnets. Especially, it shows both hard and soft spring types of nonlinearity depending on the axial displacement. The vibration during the passage of the critical speed tends to become large if the axial displacement is zero because it shows hard-spring-type nonlinearity.
( 2 ) The simultaneous control of both the linear and nonlinear stiffnesses during the shaft
Journal of System Design and Dynamics
Vol. 4, No.4, 2010 rotation are possible by controlling the axial displacement as the function of the rotational speed. Therefore, the control of the critical speed and the shape/inclination of the resonance curve are possible. ( 3 ) By adjusting the parameters of the axial displacement control appropriately, the rotational speed range with multiple stable solutions caused by the nonlinearity of the repulsive magnetic bearing doesn't occur. As a result, the maximum amplitude of the nonstationary vibration during the passage of the critical speed can be suppressed successfully.
( 4 ) These vibration suppression effects are validated experimentally.
